The lattice thermal conductivity of silicon clathrate framework Si23 and two Zintl clathrates, [Si19P4]Cl4 and Na4[Al4Si19], is investigated by using an iterative solution of the linearized Boltzmann transport equation (BTE) in conjuntion with ab initio lattice dynamical techniques. At 300 K, the lattice thermal conductivities for Si23, [Si19P4]Cl4, and Na4[Al4Si19] were found to be 43 W/(m K), 25 W/(m K), and 2 W/(m K), respectively. In the case of Na4[Al4Si19], the order-of-magnitude reduction in the lattice thermal conductivity was found to be mostly due to relaxation times and group velocities differing from Si23 and [Si19P4]Cl4. The difference in the relaxation times and group velocities arises primarily due to the phonon spectrum at low frequencies, resulting eventually from the differences in the second-order interatomic force constants (IFCs). The obtained third-order IFCs were rather similar for all materials considered here.
I. INTRODUCTION
The minimization of the lattice thermal conductivity is usually a desired feature when higher thermoelectric efficiency is pursued 1, 2 . There are several different classes of materials that appear to be promising for the thermoelectric applications, one example of such materials being the Zintl clathrates, also known as semiconducting clathrates [3] [4] [5] [6] [7] [8] . The lattice thermal conductivity of the Zintl clathrates has been studied rather intensively in the past two decades and several mechanisms have been proposed to explain the reduced lattice thermal conductivity values in these materials. In particular, lattice thermal conductivity values as low as ∼ 1 W/m K at 150 K have been obtained experimentally for some silicon clathrates 7, 16 (single crystal samples). Recent experimental and computational studies have given rise to different points of view for the reasons behind the reduction of the lattice thermal conductivity in various clathrates 25, 27 . In Ref. 25 it was concluded that the reduction of the lattice thermal conductivity of the Ba 8 Si 46 clathrate is mostly due to the harmonic phonon spectrum, while in Ref. 27 for the clathrate Ba 8 Ga 16 Ge 30 the reduction was suggested to arise mainly from rather short relaxation times (RTs). This work brings further perspectives on these issues by using computational techniques applied on two different types of Zintl clathrates.
In this work, we study the lattice thermal conductivity of the silicon clathrate framework Si 23 (sometimes denoted as VIII or Si 46 -VIII) and two hypothetical Zintl clathrate structures [Si 19 P 4 ]Cl 4 and Na 4 [Al 4 Si 19 ], obtained by adding guest atoms and framework heteroatoms in the Si 23 structure. All the considered structures possess the same space group symmetry, which facilitates the comparative analysis of these materials since some quantities for the materials are identical. The study is carried out by using the Boltzmann transport equation (BTE) approach implemented in the open source program package ShengBTE. The harmonic phonon eigenvalues and eigenvectors used in the lattice thermal conductivity calculations are obtained by using density functional perturbation theory as implemented in the Quantum Espresso (QE) program package. In particular, the third-order interatomic force constants (IFCs) and quantities within the harmonic approximation are analyzed in order to understand their role in the reduction of lattice thermal conductivity. The results indicate that in the studied structures, the increased anharmonicity can be mostly explained by harmonic quantities and rather low lattice thermal conductivity values do not necessarily indicate exceptionally strong third-order IFCs.
II. THEORY, COMPUTATIONAL METHODS AND STUDIED STRUCTURES

A. Lattice dynamics
The theory of lattice dynamics discussed in this section has been considered, for instance, in Refs. [31] [32] [33] . The notation used here is the same as in Ref. 34 . In the present approach, one assumes that the lattice Hamiltonian is of the formĤ
where the harmonic Hamiltonian operatorĤ 0 may be written asĤ
and the anharmonic Hamiltonian operatorĤ A can be written aŝ
In Eq. 3Â
In Eq. 5
are the so-called nth order atomic force constants or interatomic force constants (IFCs), which are derivatives of the potential energy Φ, {α i } are Cartesian indices, {q i } phonon wave vectors (the wave vector times 2π), {j i } phonon mode indices, {e (κ i |λ i )} phonon eigenvectors, {ω λi } phonon eigenvalues, {M κi } atomic masses of atoms {κ i } and x (lκ) = x (l) + x (κ), where x (l) is the lattice translational vector and x (κ) the position vector of atom κ within the unit cell. Furthermore,â † λ andâ λ are the so-called creation and annihilation operators for phonons, respectively.
The diagonalization of the Hamiltonian was obtained with the following expansions for displacement and momentum
where N is the number of q-points in the q-mesh and
The phonon eigenvectors and eigenvalues can be obtained from the eigenvalue equation
with
The components of the eigenvector e (κ|qj) are usually chosen to satisfy the following orthonormality and closure conditions
where δ αβ is the Kronecker delta. One may interpret e (κ|qj) e iq·x(l) as the probability amplitude and
as the probability that the atom lκ vibrates in the phonon mode qj 35 .
B. Thermal conductivity
By using the BTE approach 36, 37 , one may write for the lattice thermal conductivity [38] [39] [40] [41] 
where V is the volume of the unit cell, k B is the Boltzmann constant, v (λ) is the phonon group velocity andn λ the equilibrium distribution function for the state λ. The unknown term F β,λ is obtained by solving the iterative equation
where (when only three phonon scattering is included)
In Eqs. 16 and 17, Γ
is the transition probability for processes in which a phonon λ vanishes and two phonons λ ′ , λ ′′ are created. Accordingly, Γ λ ′′ λλ ′ is the transition probability for the opposite process. The transition probabilities Γ
can be obtained, for instance, from the golden rule or from the phonon self energy 41, 42 . For example, one may write (here β = 1/k B T )
and in a similar way for the transition rates Γ 
thus Eq. 15 can be written as
where the heat capacity at constant volume for the phonon state λ may be written as
The shortcomings of the method used to calculate the lattice thermal conductivity in this work are discussed in Ref. 34 . Recently, computational studies for real materials, where the temperature dependence of the IFCs is taken into account have been carried out 43, 44 . This effect is neglected in the present approach and it may have some significance on the present results.
C. Studied structures and computational details
The space group of all the studied structures is I43m (217 Fig. 1 . The parent silicon framework can be considered to be composed of fused polyhedral cages (cavities), where the vertices correspond to four-coordinated silicon atoms. The framework heteroatoms Al/P occupy the 8c Wyckoff position within the Si framework, while the Na/Cl guest atoms are located inside the polyhedral cages (Wyckoff position 8c) 6 . The Na 4 [Al 4 Si 19 ] and [Si 19 P 4 ]Cl 4 structures can be classified as anionic and cationic clathrates, respectively 46 . In the so-called anionic Zintl clathrates such as Na4[Al4Si19], there is a charge transfer from the less electronegative guest atoms (Na) to the framework atoms (Si-Al). In the so-called cationic Zintl clathrates such as [Si19P4]Cl4, there is a charge transfer from the less electronegative framework atoms (Si-P) to the guest atoms (Cl). The bonding within the framework can be considered to be covalent, while the framework-guest interactions are of ionic nature 47 . The ab initio density functional calculations to optimize the crystal structures and to calculate the phonon eigenvalues and eigenvectors were carried out with the Quantum Espresso program package (QE, version 5.0.3). 48 Atoms were described using ultrasoft pseudopotentials and plane wave basis set 49 . The Generalized Gradient Approximation (GGA) was applied by using the PBE exchange-correlation energy functionals 50 . If not otherwise mentioned, the applied computational parameters and methods were similar to those used in Ref. 34 . The results for the clathrate framework Si 23 , used here for comparative analysis of the Zintl clathrates, were taken from Ref. 34 . A (6,6,6) mesh was used for the electronic k sampling, while the q meshes used phonon and lattice thermal conductivity calculations were (4, 4, 4) and (10, 10, 10) , respectively. Both the lattice constants and the atomic positions of the studied structures were optimized by forcing the space group I43m. The optimized lattice constants were 10.10Å, 10.00Å, and 10.37Å for Si 23 , [Si 19 P 4 ]Cl 4 , and Na 4 [Al 4 Si 19 ], respectively. The non-analytic corrections to dynamical matrices in the limit q → 0 were taken into account in the QE and ShengBTE calculations. The version 1.0.2 of ShengBTE was used. In the lattice thermal conductivity calculations, three-phonon and isotopic scattering were included. The constant scalebroad was set to 0.5 in all ShengBTE calculations 41, 51 . For all structures, third-order IFCs were calculated up to 6th-nearest neigbours using the program thirdorder.py included in the ShengBTE distribution 52 . A (3, 3, 3) supercell was used to calculate the third-order IFCs with thirdorder.py in all cases.
The validity of the present computational approach was assessed in Ref. 34 , for instance, by comparing the calculated lattice thermal conductivity values to the experimental ones in the case of the silicon diamond structure (d -Si). The difference between the calculated and experimental values was about 4%-13% within the temperature range 125-300 K, the smallest differences being obtained at higher temperatures.
III. RESULTS AND DISCUSSION
A. Phonon spectrum According to Eqs. 10 and 12 and since both structures with guest atoms have the same exponential factors, e −iq·x(l) , difference of the dynamical matrix elements {D αβ (κκ ′ |q)} is due to the second-order IFCs divided by the atomic masses D αβ (lκ; 0κ
After one fixes the dynamical matrix, the eigenvectors can be calculated numerically: this and the preceding in mind one may infer that the differences in the dispersion relations for frequencies below 100 cm −1 indicate differences in {D αβ (lκ; 0κ ′ )} between the considered structures. In Fig. 3 , the so-called atom projected density of states ρ κ (ω) = 1/N λ |e (κ|λ)| 2 δ (ω − ω λ ) and the participation ratio (PR) defined as 25,27,53,54
are shown to further analyze the differences in the phonon spectrum of the studied structures. N a is the number of atoms within the unit cell. If one considers |e (κ|λ)| 2 as the probability distribution (Sec. II A), then ρ κ (ω) may be considered as the expected value of the phonon density of states (PDOS) for each κ. It can be seen from 3, that the contribution of the framework heteroatoms (Al and P) to ρ κ (ω) is rather similar to that of the Si framework atoms, when comparing all three structures. However, some differences can be identified, for instance, at the frequencies 3-6 THz. The guest atoms Cl and Na mainly contribute to the phonon modes at the frequencies below 5 THz. To estimate the difference in the harmonic interactions, the following mean values for the second-order IFCs are used
The values D (κ) on average for the Na guest atoms are about 25% smaller than those for the Cl guest atoms. Also, the Al framework heteroatoms atoms show approximately 21% smaller D (κ) values on average than ob- To summarize, the framework heteroatoms and the Si framework atoms seem to have rather similar effect on the phonon spectrum in all the studied structures. Furthermore, the Na and Cl guest atoms appear to have a rather large effect on the phonon spectrum at the frequencies below 5 THz and Na guest atoms seem to flatten the acoustic phonon dispersion relations in a more distinct manner in comparison to the Cl guest atoms.
B. Results for lattice thermal conductivity and related quantities
The calculated thermal conductivity values as a function of temperature for all studied structures are shown in Fig. 4 (Fig. 2) . The flattening of the acoustic modes as a function of q has (ω (λ) have smaller values for acoustic modes), for example, the following effects on ξ (λ) at fixed temperature T 0 : smaller values of ω (λ) increasen λ and thus c v (λ). The flattening decreases the group velocity v (λ), thus the flattening has opposite effect on v (λ) and c v (λ). In the case of Na 4 [Al 4 Si 19 ], the change in the harmonic phonon spectrum seems to favor the reduced group velocities more than the increase of c v (λ), resulting in the smaller values of ξ (λ) for acoustic modes.
The RTs, shown in Fig. 5 In Fig. 6 , the third-order IFCs as a function of distance are shown. The following quantities are used in Fig. 6 d
As can be seen, the third-order IFCs of the three studied structures do not show such large differences that could have been expected based on the differences in the calculated RTs. Therefore, it seems that the different RTs are mostly due to the harmonic quantities included in the anharmonic Hamiltonian and some possible reasons for the different RTs of Na 4 [Al 4 Si 19 ] are discussed next. As mentioned in Sec. II B, the decrease of mass of the atoms and the term ω λ ω λ ′ ω λ ′ in general decreases the value of the RTs. Also, as ω λ ′ and ω λ ′′ have smaller values, the following term (n λ ′ +n λ ′′ + 1) in Eq. 18 further decreases the value of the RTs. Since the PR values for the acoustic modes in the case of Na 4 [Al 4 Si 19 ] are rather small (only few atoms vibrate in a particular state), the probabilities |e (κ|λ)| 2 and thus the phonon eigenvectors e (κ|λ) for the acoustic modes are expected to be rather large, which in turn decreases the RTs of these modes through the coefficients |V (λ; λ ′ ; λ ′′ )| One way to measure the anharmonicity of a structure are the so-called Grüneisen parameters. By using the perturbation theory, it has been shown that the Grüneisen parameters can be written as
where the first term on the right hand side vanishes if the position of every atom in the unit cell is determined by the symmetry (no internal strain). In Eq. 26, the coefficients like V (λ; λ ′ ; λ ′′ ) are given by Eq. 5 and The Grüneisen parameters can also be written as
and furthermore, in the case of cubic crystals
When the phonon-phonon interaction is approximated in the so-called continuum theory, it has been shown that the square of the (averaged) Grüneisen parameter is inversely proportional to the mean free path and thus the lifetime of phonons 36 . The Grüneisen parameters are sometimes used for calculating the thermal expansion of materials. There is some evidence that, for instance, crystalline materials which have negative thermal expansion (NTE) over rather wide temperature ranges can have relatively low lattice thermal conductivity values 56, 57 (measured for polycrystalline samples, however). This behaviour of NTE materials would be rather logical since, as mentioned, in the continuum theory τ ∝ γ −2 (τ and γ are some average values) and within the so-called quasiharmonic approximation (QHA), the coefficient of thermal expansion (CTE) can be written as (see for example Refs.
58 ) α µ1ν1 = µ2,ν2 λ s expected to have relatively large absolute values for materials which have rather large absolute value of the CTE. There is some evidence that the silicon clathrate framework VII possesses rather unusual NTE behavior, while Si 23 (or VIII), for instance, has CTE that is rather similar to d -Si 59 . The calculated Grüneisen parameter values γ (λ) as a function of frequency for each structure are shown in Fig.  7 To study the relationship between the RTs and Grüneisen parameters, these quantities are depicted in Fig. 8 indicates that in some cases, there can be a connection between the relatively large absolute values of CTE and rather low lattice thermal conductivities.
As already mentioned in Sec. I, several mechanisms have been proposed to explain the rather small lattice thermal conductivity of various Zintl clathrates. In Ref.
17 , for instance, it was concluded for the Ba 8 Ga 16 Ge 30 clathrate based on inelastic neutron scattering data that the reduction of the lattice thermal conductivity is mostly due to the flattening of the phonon dispersion relations caused by the guest atoms instead the shorter RTs of the phonons. In Ref. 25 , inelastic xray scattering and ab initio lattice dynamical studies on the Ba 8 Si 46 clathrate resulted in the conclusion that the reduction of the lattice thermal conductivity follows from the changes in the harmonic spectrum induced by the guest-framework interactions and that the reduced RTs have a rather small significance. In contrast, in an ab initio lattice dynamical study for the Ba 8 Ga 16 Ge 30 clathrate 27 , the largest reduction in the lattice thermal conductivity was suggested to arise from the smaller RT values, while the reduction of the phonon group velocities was found to have a smaller effect (the BTE was not solved iteratively, but within the single-mode relaxation time approximation).
The present results show similarities with the results obtained in Ref. 27 for the Ba 60 it was summarized that the increased phonon scattering is due to the differing phonon phase space, third-order IFCs having rather marginal effect on the reduction of the lattice thermal conductivity. The results of the present work show that for materials with relatively similar third-order IFCs, there can be rather significant changes in anharmonicity and in the lattice thermal conductivity values, which essentially follow from the differing second-order IFCs. To sum up some central findings of the present work: in the case of Na 4 [Al 4 Si 19 ], the second-order IFCs seem to produce the harmonic phonon spectrum such that three-phonon phase space favors the phonon scattering and the phonon eigenvectors e (κ|λ) have rather large values for phonons of smallest frequencies (localization). These effects facilitate the reduction of RTs and phonon group velocities, which in turn leads to the reduced lattice thermal conductivity values. The hypothetical structures studied here possess rather high symmetry (symmetry is forced in the calculation) and it is probable that possible structural disorder decreases the lattice thermal conductivity even further 61, 62 .
IV. CONCLUSIONS
The lattice thermal conductivity of the silicon clathrate framework Si 23 and two Zintl clathrates, [Si 19 P 4 ]Cl 4 and Na 4 [Al 4 Si 19 ], was investigated by using ab initio lattice dynamics together with an iterative solution of the linearized BTE. The lattice thermal conductivity of the structure Na 4 [Al 4 Si 19 ] was found to be about one order of magnitude lower at 300 K in comparison to the other two materials studied here. The lower lattice thermal conductivity of Na 4 [Al 4 Si 19 ] is mostly due to lower relaxation times and phonon group velocities, which differ from Si 23 and [Si 19 P 4 ]Cl 4 largely due second-order IFCs. Furthermore, it appears that the anharmonicity of two similar crystalline materials can be rather different from one another mostly because of differing second-order IFCs. The present results may shed light on the understanding about the lattice thermal conductivity of clathrates and skutterudites, for example, which can give further guidance for the discovery of more efficient thermoelectric materials.
